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A fractional-step (FS) solver of the three-dimensional time-dependent incompressible Navier-Stokes equations
in generalized curvilinear coordinate systems, previously developed by the present authors, has been significantly
enhanced by accelerating the Poisson solver with multigrid (MG) procedures. The most CPU time-consuming
part of fractional-step methods is the solution of a discrete Poisson-like equation with Neumann-type boundary
conditions formulated to satisfy the continuity equation. Usually, more than 80% of the total computational
time of FS methods is consumed by the iterative solution of the Poisson equation. In the present study, multigrid
techniques have been employed for accelerating the convergence rate of the Poisson solver in nonorthogonal
coordinate systems. Various MG strategies have been tested in numerous numerical experiments. The total
computational time required for solving the Poisson equation was reduced by an order of magnitude, whereas
the overall computational time of the flow solver was reduced by a factor of 3-4. The MG Poisson solver
consumes less than 25% of the total CPU time. The computational work has been found to be of order 0(7V),
where TV is the total number of mesh points, whereas the CPU time on a vector computer (CRAY Y-MP) is of
0(7V°-75). Consequently, the present method is a viable alternative for solving complex flowfields with a very
large number of mesh points.

I. Introduction

M ODERN computational fluid dynamics (CFD) simula-
tions require very large numbers of mesh points to

resolve turbulent flows over complicated configurations. The
calculation of time-dependent incompressible flows poses an
even greater computational challenge because a set of elliptic
equations must be solved at each time step. Therefore, the
enhancement of the efficiency of existing solution techniques
of incompressible flows is an important issue.

Most solution algorithms of the time-accurate incompress-
ible Navier-Stokes equations with primitive variables are re-
lated to the artificial compressibility (AC)1'2 or the fractional-
step (FS) methods.3'4 In the AC methods, time accuracy is
achieved by introducing subiterations for solving the discrete
equations at each time level.5 As in most iterative methods, the
convergence rate of the subiterations deteriorates with the
number of mesh points. This is an undesirable property, espe-
cially when large numbers of mesh points are required. The
situation is similar with the FS solution methods. Here, a
Poisson equation is formulated at each time step and is solved
iteratively. Although in this case the iterations are usually
performed on a single equation rather than on a set of equa-
tions as in the AC method, the convergence rate still deterio-
rates with the number of mesh points.

Direct solution of the discrete equations might resolve the
problems associated with the convergence rate of iterative
schemes, but the demand for very high computational re-
sources (especially in memory) excludes it from being a feasi-
ble alternative for solving three-dimensional problems.

The operation count of the best iterative solver of a set of N
algebraic equations cannot be less than the order of 0(N). The
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multigrid (MG) method6 is the only solution procedure with a
linear operation count applicable to generalized curvilinear
coordinate systems. The suitability of MG methods for accel-
erating time-accurate artificial compressibility methods is
questionable because of the hyperbolic nature of the equations
governing the pseudotime iterations. In contrast, MG tech-
niques are well developed for elliptic equations, similar to the
Poisson equation obtained in FS methods. The solution of this
equation is the most time-consuming stage of FS methods;
therefore, any enhancement of its convergence rate has a
major effect on the overall computational time.

Ghia et al.7 solved the two-dimensional Poisson equation
with all Neumann-type boundary conditions (as is usually the
case in FS methods) over an orthogonal coordinate system
using an MG method. The unknowns are defined at the node
points, and special restriction operators have been devised to
satisfy the compatibility condition on all the mesh levels.
Rieger et al.8 considered the two-dimensional nonorthogonal
Poisson equation with Neumann boundary conditions. The
equation was formulated in a conservative form with the
variables defined at the center of each cell. This arrangement
of the variables proved to be very convenient for satisfying the
compatibility condition on all of the MG levels. Good con-
vergence properties have been obtained with an expensive
relaxation procedure based on the strongly implicit method.
Eliasson9 used an FS method similar to that used by Rosenfeld
et al.4 to solve two-dimensional cases. The MG procedure
implemented by Eliasson was based on the method of Rieger
et al.,8 but used the less costly four-color Zebra scheme of
Rosenfeld et al.4 Yet the efficiency of this MG method was not
satisfactory. In typical cases more than 80% of the total
computational time was spent on the Poisson solver. Similar
performance was obtained in Refs. 10 and 11 using the four-
color Zebra scheme on a single mesh.

In the present study, the efficiency of the INS3D-FS code,
previously developed by the present authors,4'10'11 has been
significantly enhanced by accelerating the Poisson solver with
a multigrid method. To the best knowledge of the authors, this
is the first implementation of the MG method for solving the
three-dimensional discrete Poisson-like equation obtained in
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the derivation of FS solution methods for the incompressible
Navier-Stokes equations in generalized nonorthogonal coordi-
nate systems using a staggered arrangement of the variables.

II. Numerical Model
The integral forms of the Navier-Stokes and continuity

equations are discretized by the finite volume procedure. The
formulation, discretization procedure, and numerical solution
method are described in Refs. 4, 10, and 11 and therefore will
be discussed here only briefly. The details of the derivation of
the discrete Poisson-like equation were not emphasized in
previous publications, and this topic will be elaborated in the
present section.

A. Discretization
A general nonorthogonal coordinate system (£, 17, f) is

defined (discretely) by

where r = (x, y, z)T is the Cartesian coordinate system. The
computational domain (£, 17, f) is divided into uniform pri-
mary cells. The center of each primary cell is marked by the
indices /, y, k. The integral equations are approximate in the
physical space over small computational cells of general shape
(see Fig. 1). Each computational cell is defined by its volume
V, and the face vectors S(, where / = £, 77, or f. The vector Sl

has the magnitude of the area of the face and a direction
normal to it.

The discretization procedure leads to the definition of a new
set of dependent variables, the volume-fluxes C/*, I/1*, and U?
through the £, 17, or f faces, respectively, instead of the veloc-
ity vector u

U^ = S^-u, W = S1t'U, U^ = S^-u (2)

The volume fluxes are equivalent to the contravariant velocity
components (multiplied by the proper volume of the cell) over
a staggered grid. This selection of the unknowns has certain
advantages in the case of curvilinear nonorthogonal coordi-
nate systems.4'10 The mass conservation equation reduces to
the simple form

= Div(Ul) = 0 (3)

The summation operator Div is a discrete divergence-like
operator [the divergence operator itself is (1/K)Z>/V].

The operator form of the discrete £ momentum equation
using a two-level time integration scheme is

= G (4)

where 6d and 6r are numerical parameters that determine the
order of accuracy and the stability of the method, and At is the
time step. The terms A U* and AP are the delta form of the
volume flux and the pressure Pt respectively. The operator G
includes all of the terms known from the previous two time
levels. The operator D^ includes the implicit part of the con-
vection and diffusion terms, whereas the operator R± includes
the pressure-gradient-like term given by

l/2 J - 1/2

+ i/2,Ar - 1/2) (5)

+ + V2J+

+ Sf+ y2>k+ 1

The rj and f momentum equations can be obtained by cyclic
permutations.

B. Fractional Step Method
In the present implementation of the fractional step

method, first the momentum equations are solved for an
approximate volume flux in delta form AU1 by dropping
jR/(AP) from Eq. (4), so that the pressure gradient is taken
from the previous time level

(6a)

where m = i,j, or k for / = £, r/, or f, respectively, and /is the
identity operator. The momentum equations are solved using
an implicit approximate factorization method.

The resulting flowfield does not generally satisfy the mass
conservation equation, so that in the second step AU1 is calcu-
lated from

(6b)

to satisfy the continuity equation (cast in terms of AU1) at the
new time level n + 1

Div(Ul)n + l = 0 (6c)

where Div is the summation operator defined in Eq. (3).
Equations (6b) and (6c) are combined into a single discrete

Poisson-like equation by applying the discrete divergence-like
operator Div on the discrete gradient-like operator RI

2 J
(6d)

The operator - (\/V)Div(R/V) is the discrete Laplacian-like
operator. The present article considers only that second stage
of the FS method.

C. Poisson-Like Equation
The discrete Poisson equation, Eq. (6d), can be rewritten as

L(AP)=f (7a)

where the source term / is related to the divergence of the
velocity field

/= -D!v(Ul) (7b)

Fig. 1 Computational cell in the physical space.

If Eqs. (6b) and (6c) are to be satisfied exactly, the Laplacian-
like operator L should be evaluated discretely from

(7c)

rather than from the differential operator. The approximation
of L at each point involves 18 adjacent points.
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The normal-derivative (Neumann) boundary condition for
each boundary / is derived from Eq. (6b)

(8)

If Dirichlet-type boundary conditions are specified for the
velocities, condition (8) is homogeneous.

The discrete set of the algebraic Eq. (7a) is singular for
Neumann-type boundary conditions specified over all of the
boundaries. Green's theorem applied to the Poisson equation

'= (p FdV =
v

(9)

should be satisfied in the continuous case to ensure the exis-
tence and uniqueness (up to a constant) of the solution (here n
is the normal direction to the boundary). In the present dis-
crete formulation, this condition takes the form

£AJ^l=£/ = £
all cells L ^ J all cells boundaryry faces J

It should be noted that R{(AP)/V = Sl - V(AP) = S7d(AP)/
dl and that F = // V. But because in the present discretization
procedure

all cells boundary faces V

and [see Eq. (7b)]

£ / = - £ 0'=- £

(lla)

(lib)
all cells boundary faces

are satisfied identically in the discrete case, Eq. (9) takes the
form

£
boundary faces J

(12)

In the case of homogeneous Neumann boundary conditions
[Ri(AP) - 0], this "compatibility" condition requires the con-
servation of the discrete global mass rate flow Et7/ = 0. The
satisfaction of Eq. (12) is imposed by modifying the outflow
boundary condition on Ul. Thus the existence of a solution is
guaranteed without adding correction terms to the source/, as
is usually the practice in other Poisson-equation-based solvers.
The modification of the source term is equivalent to introduc-
ing a mass source term and results in loss of accuracy of the
computed flowfield as well as adverse effects on the conver-
gence properties of the Poisson solver.

It should be noted that the present formulation of the
discrete Laplacian-like operator Div(Rt/V) is essential for the
satisfaction of the identities in Eqs. (11). A direct evaluation
of the differential Laplacian operator does not usually satisfy
these relations.

Before the solution method of the Poisson-like equation is
described, several points should be stressed again.

1) The equation is derived discretely. Although it resembles
the difference equations that would have been obtained from
the discretization of a Poisson equation, the differential form
of Eq. (7a) has no meaning in the FS method.

2) The accuracy of the discrete mass conservation equation
is related to the accuracy of the solution of the discrete Pois-
son-like equation.

3) The satisfaction of the discrete compatibility condition
[Eq. (12)] is a necessary and sufficient condition for the exis-
tence and uniqueness of the solution (up to an arbitrary con-
stant). It also has favorable effects on the convergence proper-
ties of any iterative solution method.

4) Each discrete equation involves 19 points.

III. Multigrid Method
The reader is assumed to be familiar with multigrid methods

and notation, see for example Refs. 6 and 12. The present
section will describe only the implementation of the method
for solving the set of the algebraic equations [Eq. (7)]. The
correction scheme has been used in the present linear problem.

A. Relaxation
For a general nonorthogonal coordinate system, the 19-

point-based discrete equations pose difficult challenges in ob-
taining vectorizable schemes. The present relaxation method
uses a Zebra method with four-color ordering to decouple the
unknowns and permit an effective use of vector computers.
The three-dimensional Zebra relaxation scheme solves implic-
itly all of the equations along one coordinate line, say along £,
as in the successive line over-relaxation (SLOR) method. How-
ever, the order in which the lines are processed is not the usual
lexicographic order (by rows or columns), but a "colored"
order. Existing two-dimensional applications of colored
schemes use a two-color ordering (red-black schemes). This
ordering is inappropriate for vectorizing nonorthogonal cases.
In the present method, the points in the (77, f) plane are
classified into four groups and a different color label is given
to each group (see Fig. 2). First, all of the black lines are swept
in a lexicographic order, then the red, blue, and green lines.
The implicit solution of a line (along the £ direction) is decou-
pled from the same color lines. For example, when a black line
is being solved for, all of the neighboring lines are of different
colors—red, blue, or green. This arrangement allows an effi-
cient vectorization of the method, even with the 19-point
computational stencil. The implicit solution along the £ coor-
dinate line may be exploited to enhance smoothing properties
of problems with heavily clustered mesh points along that
direction.

The Zebra scheme has good smoothing properties and in
many cases is nearly optimal for using a multigrid acceleration
procedure.12

In our previous works, this method has been used to solve
the Poisson-like equation using a single grid. To enhance its
convergence rate, an over-relaxation parameter has been ex-
perimentally selected for each case. For comparison purposes,
this single-grid method is also used in the present study.
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Fig. 2 Arrangement of the colors in the (£, 17) plane.
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B. Coarsening Method
The term coarsening method refers to the method of obtain-

ing the coarse grids from a given fine grid. In the standard MG
method, the coarse grids are obtained by halving the number
of mesh points in each direction. This method is termed full
coarsening. In many circumstances, especially in three-dimen-
sional cases with generalized curvilinear coordinate systems,
semicoarsening may be preferable. In the semicoarsening
method, the mesh points are halved only along some of the
coordinate directions to enhance the efficiency of the MG
procedure.12 Both full- and semicoarsening methods (along
one or two coordinate directions) are implemented.

A key feature of the present MG implementation is the
cellwise coarsening procedure, rather than the more common
point wise coarsening. In the full-coarsening approach, the
coarse grid is constructed from eight adjacent fine cells (see
Fig. 3). The volume of the coarse cell is calculated as the sum
of the volumes of the individual fine grid cells:

i/m - 1yI,J,K = i+\J,k yi,j,k+\

The indices /, /, and K refer to the coarse grid, whereas /, j ,
and k refer to the fine grid and m is the mesh-level index. The
two set of indices are related by i = 21 - 1, j = 2J - 1, and
k = 2K - 1. Similarly, the faces of the coarse cell are con-
structed from the external faces of the combining fine cells.
Thus, the S^ face of the coarse grid is given by

V2,J,K = Y2,j,k

Here, the mesh-level index is omitted for clarity. The most
important property of this procedure of cellwise coarsening is
the automatic satisfaction of the geometry conservation laws4

on all the multigrid levels. Equivalent procedures are used in
the semicoarsening methods.

C. Restriction
The discrete equations to be solved are singular, because of

the all-Neumann-type boundary conditions. Any restriction
operator should be devised so that the compatibility condition
[Eq. (12)] is satisfied on all of the levels. The derivative
boundary conditions are treated formally as source terms by
including them in the right-hand side of Eq. (7a). Thus, the
compatibility condition requires that the sum of the source
terms (the residuals plus the boundary conditions) vanishes on
all of the levels.

SI+1/2,J,K

A first-order restriction operator that satisfies this condition
can be formulated straightforwardly in the present finite-vol-
ume discretization procedure with cellwise coarsening. In the
case of full coarsening, the restriction operator 7™ ~ l is de-
fined as the sum of the residuals of the eight fine cells that
combine the coarse cell (/, J, K)

m-l _ rm-lnm _ nm
I,J,K — lm Ki,j,k — Ki,j,

D fit iKik+ 1 + 1J+ \,k

__Ki + \J,k "•" Ki,j + l,fc

m
i,j+ l , A r + 1

m rn (15)

where R is the residual. It is easy to verify that this choice of
the restriction operator satisfies the compatibility condition on
the coarser grids as well.

(16)
I,J,K

SI,J+1/2,K

Fig. 3 Coarse cell in the full coarsening method.

A second-order restriction operator that satisfies the compati-
bility equation has been derived as well. Yet numerical experi-
ments (see Results) showed little sensitivity of the MG method
in the accuracy of the restriction operator. Hence the first-or-
der restriction operator is preferred because it saves computa-
tional work.

D. Interpolation
The coarse grid unknowns are not a subset of the fine grid

unknowns because they are defined at the center of the com-
putational cells. In the full coarsening of three-dimensional
cases, a trilinear interpolation in the computational space is
used for transferring the coarse grid correction into the proper
location on the next fine grid. Similarly, in the semicoarsening
cases, bilinear or linear interpolations are used, depending on
the semicoarsening method. Interpolation in the physical
space had no effect on the convergence rate, but it required
larger computational effort and therefore was abandoned.

The combined order of the restriction and interpolation
operators is three, which is adequate for the second-order
Poisson equation.6

E. Cycling Strategies
The present implementation uses both accommodative and

fixed cycling procedures for solving the equations by MG. In
the first category, the C cycle has been used,6 whereas in the
second category a generalized MG cycle has been imple-
mented.12 Depending on the value of the parameter ym , which
is a function of the mesh level m (see Ref . 12 for notation), the
V(ym = 1) or the W(7m = 2) cycle can be obtained as a special
case.

Both the standard- and the full-multigrid (FMG) methods
can be used with the generalized MG cycle. In the present
context of time-accurate solution of the Navier-Stokes equa-
tion by an FS method, the solution of the discrete Poisson
equations should converge to a good accuracy for yielding
divergence-free velocity fields. The FMG cycle may not reduce
the error sufficiently, because the MG theory predicts the
resulting error to be of the order of the truncation errors.
However, in the present method the truncation errors are not
relevant because a continuous Poisson equation is never
derived nor solved. If necessary, after a single FMG cycle is
completed, additional MG cycles are performed until the con-
vergence criterion is met.

The FMG method starts the MG solution at the coarsest
grid. In the present study, the discrete Poisson-like equation is
formulated on the finest grid only. To define the equivalent of
this equation on the coarsest grid, the source term / is re-
stricted into the coarsest level, using the restriction operator
[Eq. (15)] to move down the grids.

IV. Results
This section describes some of the numerical experiments

performed in the implementation of the MG method. It
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should be stressed that neither the accuracy nor other numeri-
cal properties of the FS method itself have been changed. The
contribution of the present work is in accelerating the conver-
gence rate of the Poisson solver, and only this aspect will be
considered. Three of the test cases will be described here.
Many other cases have been solved with similar efficiency
using the MG procedures. The first two test cases employ
two-dimensional nonorthogonal coordinate systems to demon-
strate the performance of the MG methods. One case con-
siders the domain over an elliptic airfoil, and the other case
solves the equations between two eccentric cylinders with dif-
ferent values of eccentricity. The three-dimensional test case
considers a square duct with a 90-deg bend. All of these cases
represent problems that have been solved to investigate time-
dependent incompressible viscous flows.

b) m = 2 (28 X 32)

A. Two-Dimensional Elliptic Airfoil
Table 1 lists the results of a parametric study performed for

the case of a flow over an elliptic airfoil with a thickness ratio
of 1:4. A generalized nonorthogonal curvilinear coordinate
system is employed with 112 x 128 mesh points (in the third
direction three mesh points are specified). This two-dimen-
sional case is coarsened along the £ and rj directions and a total
of four mesh levels have been used, with the coarsest mesh
consisting of 14 x 16 mesh points (see Fig. 4). The conver-
gence criterion (based on the maximal residual of the Poisson
equation) is set to 10~9. The parameter v refers to the number
of pre- and postrestriction iterations; Res. is the accuracy
order of the restriction (first- or second-order accurate); cycle
is the number of cycles performed; and WU is the total num-
ber of work units. A WU is defined as the computational work
required to perform one complete relaxation iteration on the
finest mesh. It does not take into account the computational
work required for performing the grid transfers and the work
for solving the equations on the coarsest grid. The overhead of
these calculations usually increases the WU count by 15-30%.
The average convergence rate per work unit //, is defined by

\ 1/(WU - 1)

'-ini/
(17)

where e and eini are the error and the initial error (based on the
maximal residual), respectively. In the table, CPU is the CPU
time in seconds on the CRAY Y-MP/832.

Table 1 reveals that the effect of the order of accuracy of the
restriction operator is negligible. The optimal number of re-
laxation sweeps seems to be v = 2. A significant reduction in
CPU time and number of WU can be obtained by selecting the
cycling sequence ym = (2, 1, 2, 1). It is obvious that the CPU
time is not proportional to the number of WU. This relation is
a result of using a vector computer. The iterations performed
on the coarser grids are not as efficient as the iterations on the
finest grid. Therefore, although the WU count of case 5 is
almost twice that of case 7, the CPU time increased only 1.28
times.

Table 2 compares the performance of several MG methods
and the Zebra single-grid method for two different conver-
gence criteria (e = 10~9 and e = 10~n) where Mflops is million
floating point operations per second on the CRAY Y-MP. In
the single-grid method the four-color Zebra method was used

Table 1 Effect of MG parameters (elliptical airfoil)

Case Res. Cycle WU CPU,s

1
2
3
4
5
6
7
8

2
2
1
3
5
2
2
2

1,1 ,1 ,1 :
1 ,1 ,1 ,1
1,1 ,1 ,1
1 , 1 , 1 , 1
1 ,1 ,1 ,1
1,2,1,2
2,1,2,1
2,2,2,2

> 5
I 5

12
4
3
4
3
3

27.3
27.3
32.5
32.5
40.4
23.0
20.5
22.0

0.814 ]
0.808
0.850
0.834
0.870
0.773
0.752
0.746

[.22
.19
.68
.26
.45
.18
.06
.26

Table 2 Efficiency of cycling methods

d) m = 4 (112 X 128)
Fig. 4 Four levels in the vicinity of the elliptic airfoil.

Cycle

Full MG
Standard MG
Single grid

Full MG
Standard MG
C cycle
Single grid

WU n
e= 10~9

8.0 (0.791)
7.5 0.743
50 0.919

e=10- n

34.0 (0.863)
33.5 0.819
35.8 0.830
350 0.979

CPU, s

0.50
0.42
1.18

1.57
1.41
1.73
7.14

Mflops

47
51

62
65
68
97
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to solve the equations iteratively. The convergence of the
method was optimized by using an over-relaxation factor de-
termined by numerical experiments. This method will be re-
ferred to as the SOR method because the convergence proper-
ties are similar to the SLOR method. The standard MG
procedure is found to be the fastest alternative in both cases,
whereas the iterative solver without MG (the SOR method)
showed the poorest performance, especially in the case of the
finer convergence criterion. The ratio between the CPU time
consumed by the single-grid method and the standard MG
method is 2.8 for e = 10~9 and 5.1 for e = 10"n. The corre-
sponding ratios of WU, 6.7 and 10.4, respectively, show an
even better performance of the MG method. The use of the
coarse grids in the MG method degrades the CPU time gain on
vector computers. Clearly, Table 2 demonstrates that the sin-
gle-grid method runs at a rate of 97 Mflops, whereas the
standard MG solver runs at a rate of only 65 Mflops. It
indicates that the optimization of MG algorithms on vector
machines should favor relaxations on finer grids or limit the
minimal size of the coarsest grid.

Figure 5 shows the convergence history of the Poisson
solver for two single-grid iterative methods (the Zebra scheme
without and with over-relaxation) and three MG cycling pro-
cedures (C cycle, standard, and full MG). The C cycle is
slightly less efficient than the other two MG solvers. The
single-grid solvers are much less efficient. Only the Zebra
method with optimal over-relaxation parameter (the SOR
method) converges to a reasonable degree, although the con-
vergence rate is poor.

B. Two-Dimensional Eccentric Cylinders
To systematically study the properties of the proposed MG

procedures, the discrete Poisson equation [Eq. (7)] is solved in
a domain between two eccentric circular cylinders. The diame-
ters of the inner and outer cylinders are 1 and 21, respectively.
An algebraic nonorthogonal coordinate system has been gen-
erated with mesh points clustered in the vicinity of the inner
cylinder and at the "wake" region. Figure 6 shows plots of the
resulting grids for four different values of the eccentricity,
e = 0, 6, 12.5, and 19. Here, the eccentricity is defined as the
distance between the centers of the two circular boundaries.
For clarity, a coarse mesh of 32 x 32 points is shown. The
increase in eccentricity yields less orthogonal meshes with
larger ratios between the maximal and minimal Jacobians.

Figure 7 gives the convergence history of the SOR and the
MG procedures for a case with eccentricity of 12.5, using a
grid of 256 x 256 mesh points with a total of seven multigrid
levels. In Fig. 7a the convergence history is plotted against the

io-4
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10-6

8 i<r7

10-8

io-9

io-10

c

. _ . _ . _ 1 _ Grid (optimal)
t*"N _.._.._ 1 — Grid (no over-relaxation)
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li \. - - - - - w — cycle
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] \ \. \
C I N x \1 \ ^^\, \ V--.....
ll * \ *"—••—..«-\ \
\ \V \ •V \ ^- vt \ \

- \V , , ,\
) 100 200 300 4C

WU

a) e = 0

b) e =6

c) e = l2.S

Fig. 5 Convergence history of MG cycling methods (elliptic airfoil).

d) e = 19
Fig. 6 Meshes with different eccentricity values.

number of WU, and Fig. 7b shows the dependence on the
CPU time. Each of the solution methods has been separately
optimized to yield the best convergence rate. On a vector
computer, the measures of WU and CPU time are not equiva-
lent. WU is essentially proportional to the operation count,
whereas the CPU time consumption on a vector computer
depends not only on the number of algebraic operations, but
also on other factors such as the length of the vectors. There-
fore, in Fig. 7 and following figures, WU is a measure of the
performance on scalar machines, whereas CPU is a measure
of its performance on vector machines.

The difference between the two measures is clearly observ-
able in Figs. 7a and 7b. The C cycle has a better convergence
rate than the SOR method in terms of WU. The contrary is
true if the convergence rate is based on the CPU time. Most of
the calculations performed in the C cycle are done on coarser
grids, with excessive time spent on relatively inefficient grid
transfers. By any measure, the fixed MG cycles outperform
the optimal single-grid method. The FMG method is 9.4 times
faster in CPU time and requires 17.5 times fewer WU. Not
surprisingly, the average convergence rates p of the standard
and full MG cycles are almost identical with the convergence
rate found in the previous test case of an elliptic airfoil.

The case with eccentricity of 12.5 has also been used to
study the dependence of the total work required to solve a
problem (within a specified convergence error) on the number
of mesh points. Figure 8a shows the total number of WU
required to solve the equations on successively finer grids
with 1) 32 x 32, 2) 64 x 64, 3) 128 x 128, 4) 256 x 256, and
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Fig. 9 Effect of geometry on the convergence properties.
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5)512x512 mesh points. In all of the cases the coarsest grid
consists of 4 x 4 mesh points, and the number of grid levels
varies, from four, grid 1, up to eight for the finest grid. The
solution methods were optimized for mesh 3, and the same
parameters were used for all of the other meshes to test the
robustness and sensitivity of the methods to the value of the
control parameters. It should be kept in mind that better
performance of the SOR method and to some extent of the
C-cycle MG procedure could have been obtained if the control
parameters (especially the over-relaxation parameter) had
been optimized for each grid separately.

The SOR method demonstrates the most severe degradation
with the increase in the number of mesh points. The C cycle
shows a weak dependence on the number of mesh points. The
V cycle and especially the FMG method converge on all of the
grids within a constant number of WU, proving the theoretical
result that MG methods have a work count of order 0(N)9
where N is the total number of mesh points. This is a property
of significant implications for the efficiency of FS methods on
very fine grids.

Figure 8b gives the CPU time divided by the number of
mesh points (CPU/AT) required to converge the solution on
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each of the grids. This measure is equivalent to the number of
WU on a scalar machine. Such is not the case on vector
machines where large grids (longer vectors) are favored over
coarser meshes. The FMG and V-MG cycles show an en-
hanced performance on the finer grids. The CPU time re-
quired for solving the Poisson equation (in the range of the
number of mesh points tested) is of 0(7V°-75) on the CRAY
Y-MP instead the theoretical value of Q(N) predicted by the
MG theory. The gain is attributed solely to the properties of
vector computers. The corresponding CPU times for the C-cy-
cle MG method and the SOR single-grid method are 6(7V°-9)
and 0(7V2), respectively, making the SOR method impractical
for very fine grids.

To study the sensitivity and robustness of the methods with
geometry changes, the eccentricity of the grid is changed with-
out changing the parameters that control the convergence rate
of the Poisson solvers (the parameters have been optimized for
the case of e = 12.5). Figure 9 shows the convergence history
with the CPU time of the SOR method, and the MG cycles of
types C, V, and FMG. The C cycle demonstrates the strongest
dependence on geometry. In the case of the largest eccentricity
(e = 19) the method stalls. The SOR method converges in all
of the cases, yet the convergence rate deteriorates almost
proportionally with the value of the eccentricity. The V cycle
and the FMG method are the most robust methods. The
convergence history is almost independent of the eccentricity
for e < 10. Only at the highest eccentricity values do these
methods deteriorate in the convergence properties, although
convergence is achieved in all of the cases. Bearing in mind

m = 3 (48x24x96)

m = 2 (24X12x48)
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Fig. 11 Convergence history of MG cycling methods (duct case).
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Fig. 10 Three levels of the square curved duct problem.

Fig. 12 Effect of the coarsening method on the convergence.

that, in realistic CFD calculations, meshes equivalent to grids
with high eccentricity values are not used anyway, it can be
concluded that the FMG and MG procedures using V cycles
are insensitive to reasonable geometric changes. In particular,
an optimized MG procedure can be used for a wide range of
cases without changing the control parameters.

C. Three-Dimensional Square Duct with a Bend
As a three-dimensional test case, the discrete Poisson equa-

tion obtained in the solution of the flow in a three-dimensional
curved square duct at a Reynolds number of 790 is solved
using a mesh of 48 x 24 x 96 points. The symmetry of the
problem was utilized to save mesh points in the 77 direction.
Only three mesh levels have been used. Using full coarsening,
the coarsest mesh consists of 6 x 12 x 24 mesh points. Figure
10 shows a view of the three mesh levels.

The convergence history of the optimized methods is given
in Fig. 11. In this three-dimensional case the SOR method has
the worst convergence rate, with regard to both WU and CPU
time. It converges in 51.7 CRAY Y-MP CPU s, whereas the
C-cycle MG procedure converges in 33.2 CPU s. The V cycle
and the FMG have identical convergence properties; they con-
verge in 11.3 s, which is 4.4 times faster than the optimal SOR
method.

Yet all of the MG procedures show a nonuniform conver-
gence history, with a significant decrease of the convergence
rate after a few MG cycles. This may indicate a poor relax-
ation scheme or an inadequate coarsening method. Semicoars-
ening in the £ and f or in the 17 and f directions results in an
even less favorable convergence rate. However, semicoarsen-
ing in the £ and 77 directions (leaving the direction along the
duct axis uncoarsened) leads to a dramatic improvement, as
shown in Fig. 12, which compares the performance of the
full-coarsening and semicoarsening methods. A constant con-
vergence rate is obtained over all of the MG cycles. Although
the amount of work for each MG cycle is increased in the
semicoarsening procedure, the total CPU time has decreased
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to 9.5 CPU s for the C cycle, and 4.6 and 5.3 CPU s for the
V-type standard and full MG procedures, respectively.

In terms of WU, the gain of the MG procedure is even
larger. The V cycle requires more than 28 times fewer WU
than the SOR method, yet it consumes only 11.2 times less
CPU time. The difference is mainly attributed to the consider-
ably shorter vector length of the present three-dimensional
case, because each dimension has a relatively small number of
mesh points compared to the problems solved in the two-di-
mensional examples. But it also indicates that the possible gain
in larger three-dimensional problems is large.

It should be recalled that only three mesh levels have been
used, and therefore the MG methods have not reached their
asymptotic convergence rate. For larger problems more mesh
levels can be used, and the convergence rate is anticipated to
improve.

V. Concluding Remarks
The implementation of the multigrid method for solving the

discrete Poisson-like equation of a fractional-step method sug-
gested by Rosenfeld et al.4 proved that it is an efficient and
robust solver. The MG solver was found to be insensitive to
the geometry, even in cases of highly nonorthogonal clustered
meshes, as well as to other parameters of MG methods. Opti-
mizing an MG procedure for a particular problem was equally
applicable to many other cases differing in grid properties and
number of mesh points.

The total count of work units needed to solve the Poisson-
like equation was found to be independent of the number of
mesh points, proving that the MG solver is of order TV opera-
tions, where N is the total number of mesh points. On the
CRAY Y-MP vector machine, the total CPU time was found
to be of order TV0-75 (for grids in the range of
TV = 103-2.5 x 105 points). Because the operation count of the
approximate factorization solver of the momentum equations
is also proportional to the number of mesh points, the compu-
tational effort of the present FS method is linear with the
number of mesh points. This feature is significant for future
applications of the FS method to problems with very large
numbers of mesh points, where other iterative solvers might be
too expensive.

In typical cases solved, the MG solver is an order of magni-
tude faster than the single-grid four-color Zebra method. This
results in a decrease of 300-400% of the CPU time for the
complete FS solution. Without MG acceleration (but with
optimal over-relaxation), the Poisson solver may consume
more than 80% of the total time. With MG acceleration, the
Poisson solver consumes less than 25% of the total computa-

tional time. For typical two-dimensional problems, the com-
putational time per mesh point per time step is 30 \*. CPU s on
the CRAY Y-MP; for three-dimensional problems it is 160 /*s.
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